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UNIFORM TRACE-FREE BUNDLES OF TRIPLE COVERS
OVER PROJECTIVE PLANES
XINYI FANG AND YONGTAO WANG
Abstract. Studying coverings over algebraic varieties is an effective
method in algebraic geometry. By combining the technique of triple
cover from Miranda and Tan, we proved that if the degree of the branch
divisor of a normal triple cover over P2 is no more than 18 and not equal
to 16, then the trace-free bundle of the triple cover is uniform. Moreover,
we totally classified all these trace-free bundles.
1. Introduction
It is classically known that every holomorphic vector bundle on the pro-
jective line splits as a direct sum of line bundles. However, for n-dimensional
projective spaces (n ≥ 2), the situation is very complicated. So the splitting
of vector bundles on higher dimensional projective spaces has long been a
major concerning among the problems on vector bundles in algebraic geom-
etry. The typical example of indecomposable 2-bundle over P2 is the tangent
bundle TP2 or its dual. For n ≥ 3, unsplit 2-bundles over complex projec-
tive space of high-dimension are difficult to construct. Tango ([Tango])
constructed holomorphic (n − 1)-bundle over Pn for any n ≥ 3. In 1973,
Horrocks and Mumford found an unsplit 2-bundle over P4 ([HM]). The
bundle is essentially the only known non-splitting holomorphic 2-bundle
over Pn(n ≥ 4). In 1974, Hartshorne conjectured that for n ≥ 7, every holo-
morphic 2-bundle over complex projective space Pn splits. However, this
conjecture still remains open. For non-splitting vector bundles, we may ob-
tain partial classification results after restricting to certain classes of vector
bundles. One of the classes that has been studied more extensively is uni-
form vector bundles, namely those in which the splitting type is independent
of the chosen line. The notion of the uniform vector bundle appears first in
a paper of Schwarzenberger ([Schw]) and lots of works are about classifi-
cation of such bundles.
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Triple covers are effective tools for constructing rank 2 vector bundles
over Pn because the trace-free sheaf is of rank 2 naturally. Triple covers
were first systematically studied by Miranda ([M]). Later, many mathemati-
cians performed more detailed work ([TF,TS2]). By studying the integral
closure of a cubic extension, Tan gave a more detailed triple cover data such
that the structure of triple covers become more clear.
Definition 1.1. Let pi : X → P2 be a normal triple cover. Denote the branch
locus of the triple cover over P2 by ∆pi, which is a subvariety of pure di-
mension 1 over P2. Regard it as a reduced divisor over P2. We may write
∆pi = S pi + Tpi, where S pi (resp. Tpi) is of ramification index 2 (resp. 3).
Denote S pi + 2Tpi by ∆pi, which is called the branch divisor of pi.
Over the projective plane, the trace-free sheaf of a triple cover is deter-
mined by the branch locus. It is an interesting problem to determine the
trace-free sheaf of a triple cover by the degree of branch divisor. Moreover,
we can give the geometry of the given triple covers.
If S pi = 0, then the normal triple cover pi : X → P
2 is Galois. Miranda
has proven that in this case, the trace-free sheaf splits. More precisely, a
triple cover is Galois if and only if a = d = 0 [M] (The symbol will be
introduced in chapter 2). For general situation, Tokunaga solved the case of
(deg S pi, degTpi) = (2, 1), (2, 2), (4, 0), (4, 1) by the theory of dihedral cover
[HT1,HT2]. In 2010, Taketo proved that if the degree of branch divisor is 6,
then the trace-free sheaf is uniform and the surface is either the cubic surface
in P3, or the pull back of the dual curve correspond to the discriminant
([TS]).
In this paper, by combining the technique of triple cover from Miranda
and Tan, we proved that if the degree of the branch divisor of a normal triple
cover over P2 is no more than 18 and not equal to 16, then the trace-free
bundle of the triple cover is uniform.
Theorem 1.2. Let pi : X → P2 be a normal triple cover, deg∆pi 6 18, and
deg∆pi , 16. Then Epi is uniform. Moreover,
deg∆pi = 2: , Epi  ΩP2(1);
deg∆pi = 4: , Epi  OP2(−1) ⊕ OP2(−1);
deg∆pi = 6: , Epi  OP2(−1) ⊕ OP2(−2) or Epi  ΩP2;
deg∆pi = 8: , Epi  OP2(−2) ⊕ OP2(−2);
deg∆pi = 10: , Epi  OP2(−2) ⊕ OP2(−3) or Epi  ΩP2(−1);
deg∆pi = 12: , Epi  OP2(−3) ⊕ OP2(−3) or Epi  OP2(−2) ⊕ OP2(−4);
deg∆pi = 14: , Epi  OP2(−3) ⊕ OP2(−4) or Epi  ΩP2(−2);
deg∆pi = 18: , Epi  OP2(−4) ⊕ OP2(−5) or Epi  OP2(−3) ⊕ OP2(−6) or
Epi  ΩP2(−3).
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2. Preliminaires
Definition 2.1. We call a finite flat morphism pi : X → Y from a scheme X
to a variety Y of degree three a triple cover over Y . If in addition, X and Y
are normal varities, we call it a normal triple cover over Y .
In this paper, we mainly talk about normal triple covers over P2.
Definition 2.2. Let pi : X → P2 be a normal triple cover. The kernel of the
trace map pi∗OX → OP2 is a rank 2 locally free OP2-module, denoted by Epi,
called the trace-free sheaf of pi : X → P2. Particularly, pi∗OX = OP2 ⊕ Epi.
Remark 2.3. Trace-free sheaves of triple covers over projective planes are
precisely vector bundles, for trace-free sheaves are reflexive sheaves over
projective planes and the singularity set of a reflexive sheaf is of codimen-
sion at least 3.
Theorem 2.4. ([M], Theorem 3.6) For every given 2-bundle E over P2, the
triple cover, whose trace-free sheaf Epi = E, given by the OP2 - algebra
structure ofA = OP2 ⊕E is one-to-one corresponding to a OP2-linear homo-
morphism Φ : S 3E → detE.
We can discribe the correspondence more precisely. Choose {z,w} as a
group of local basis of E. Denote the homomorphism given by the multipli-
cation ofA by Φ : S 2E → A. Then φ has the following form:
φ(z2) = az + bw + 2e,
φ(zw) = −dz − aw − f ,
φ(w2) = cz + dw + 2g.
where a, b, c, d ∈ OP2 , e = a
2−bd, f = ad−bc, g = d2−ac. Particularly,
A is an intergral domain, b , 0 and c , 0.
Define Φ : S 3E → detE. On the basis, given by
Φ(z3) = −b(z ∧ w), Φ(z2w) = a(z ∧ w),
Φ(zw2) = −d(z ∧ w), Φ(w3) = c(z ∧ w).
It is not difficult to verify that it is irrelevant with the selection of {z,w}.
Proposition 2.5. ([M], Lemma 4.5, Proposition 4.7; [TSL], Theorem 1.3)
Let pi : X → P2 be the triple cover given by the homomophism Φ : S 3E →
detE in the above way. Then the branch divisor ∆pi is locally given by
D := f 2 − 4eg = 0,
where the definition of e, f , g is the same as above. In addition, the line
bundle corresponds to the ∆pi is (det Epi)
−2.
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Proposition 2.6. ([M], Section 6) Let pi : X → P2 be a normal triple cover.
If Epi  OP2(t1) ⊕ OP2(t2), then a ∈ H
0(OP2(−t1)), b ∈ H
0(OP2(−2t1 + t2)), c ∈
H0(OP2(t1 − 2t2)), d ∈ H
0(OP2(−t2)). Therefore 2t1 6 t2, 2t2 6 t1.
Proposition 2.7. ([TF]) Let pi : X → P2 be a triple cover, pi not e´tale. Then
X is a cubic section of the total space of a line bundle L over P2 if and only
if Epi  L
−1 ⊕ L−2.
By studying the integral closure of a cubic extension, Tan gave a more
detailed triple cover data such that the structure of triple covers become
more explicit and clear (see [TS2]).
Definition 2.8. Let L be a line bundle on P2 and the minimal equation of a
normal triple cover pi : X → P2 is
z3 + sz + t = 0
where 0 , s ∈ H0(P2,L2), 0 , t ∈ H0(P2,L3). Otherwise the triple cover is
degenerated or cyclic. Because of the minimality of the equation, there is a
unique decomposition:
s = a1a
2
2b1a0, t = a1a
2
2b
2
1b0
where a1, a2, b1 is square-free, (a1, a2) = 1, (ai, b j) = 1, i = 0, 1, 2, j = 0, 1.
Denote
a = 4a1a
2
2a
3
0, b = 27b1b
2
0, c = a + b = c1c
2
0
where c1 square-free. Then
a =
4s3
gcd(s3, t2)
, b =
27t2
gcd(s3, t2)
, c =
4s3 + 27t2
gcd(s3, t2)
.
Call (a, b, c) the abc data of the triple cover pi.
Denote
g1 =
2
3
a0a2, g2 = b0, g3 = c0.
Use capital letters to denote the divisors of the corresponding sections.
Theorem 2.9. ([TSL]) Let pi : X → P2 be a normal triple cover,
(1) the divisor over which pi is totally ramified is A1 + A2. The divisor
over which pi is simple ramified is B1 +C1. The branch locus of pi is
2A1 + 2A2 + B1 +C1.
(2) the image in X of non-normal locus is A2 + B1 + C0.
We will discribe the transformation between two types of triple cover
data. We use ·˜ to denote the section or divisor in Miranda triple cover data.
E.g. a˜, b˜, A˜, B˜.
By direct computation, we can get the following corollary.
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Corollary 2.10. Denote U1 = P
2\C0 and U2 = P
2\(A0 + A2). Let {˜a, b˜, c˜, d˜}
be the Miranda triple cover data, {a0, a1, a2, b0, b1} be the S. -L. Tan triple
cover data, we can get the transformation between two types of data:
Over U1,
a˜ = 0, b˜ = a2b1, c˜ = −a1b0, d˜ =
a0a1a2
3
.
Over U2,
a˜ =
3b0b1
a0
, b˜ =
3b1c0
2a0
, c˜ =
b0c1
18a0
, d˜ =
c0c1
18a0
.
Let E be a rank 2 vector bundle over P2. According to the theorem of
Grothendieck for every line l ∈ P2
∗
, there is a 2-tuple
aE(l) = (a1(l), a2(l)) ∈ Z
2; a1(l) ≥ a2(l)
with E|L  OL(a1(l)) ⊕ OL(a2(l)). We give Z
2 the lexicographical ordering.
Let
a
E
= inf
l∈P2
∗
aE(l)
Definition 2.11. a
E
is the generic splitting type of E, S E = {l ∈ P
2∗|aE(l) >
a
E
} is the set of jump lines.
Remark 2.12. UE := P
2∗\S E is a non-empty Zariski-open subset of P
2∗.
Definition 2.13. E is uniform if there is no jumping line.
For uniform 2-bundles over P2, there is a specific depiction.
Theorem 2.14. (Van de Ven)
Every uniform 2-bundle over P2 either splits, or is isomorphic toΩP2(t)(t ∈
Z).
3. Proof of theMain Theorem
3.1. The proof of theorem 1.2.
Proof. Denote by (Epi,Φ) the triple cover data of pi.
As deg∆pi = deg S pi + 2 degTpi is even, for S pi is a even divisor. Let
deg∆pi = 2k, then by proposition 2.5 and hypothesis,
det Epi  OP2(−k), k ∈ {1, 2, 3, 4, 5, 6, 7, 9}.
Case 1 k is even (i.e. k = 2, 4, 6)
Assume k = 2t, where t ∈ {1, 2, 3}. Suppose Epi is not uniform and L is a
jump line, L is defined by u1 = 0. There is some positive integer m such that
Epi|L  OL(−t + m) ⊕ OL(−t − m). Φ|L gives the section due to proposition
2.6:
a˜|L ∈ H
0(OL(t − m)), b˜|L ∈ H
0(OL(t − 3m)),
6 XINYI FANG AND YONGTAOWANG
c˜|L ∈ H
0(OL(t + 3m)), d˜|L ∈ H
0(OL(t + m)).
Notice b˜|L = 0 or b˜|L is non-zero constant.
If b˜|L = 0 , restrict pi to the line L. By corollary 2.10, we have a2|L = 0 or
c0|L = 0 or b1|L = 0, i.e. u1 | a2 or u1 | c0 or u1 | b1.
1. : u1 | a2 or u1 | c0
Consider the abc data, we always have d˜|L = 0. This contradicts
the previous statement d˜|L ∈ H
0(OL(t + m)).
2. : u1 | b1
As b1|L = 0, i.e. the equation of triple cover over L is z
3|L = 0.
In this case, pi is totally ramified over L. The totally ramified of
pi is A1 + A2, that is u1 | a1a2, which contradict with the coprime
condition.
If b˜|L is non-zero constant (the degree of the branch divisor is 12), then
b˜ is constant over the whole P2. Due to corollary 2.10, it is easy to get
a0, a2, b1, c0 are all constant. Therefore the abc equation is given by
a1 + b
2
0 = c1. (1)
Since b˜|L is non-zero constant, the generic splitting type of Epi over general
line is (−3,−3). Consider the restriction of triple cover to a general line L′.
By comparing the degree of equation (1) restricting to L′, we find that the
degree of the left side is deg b2
0
|L′ = 2 deg b0|L′ while the degree of the right
side is deg c1|L′ = 3, which is a contradiction.
In summary, when k is even, the trace-free sheaf Epi is uniform.
Case 2 k is odd (i.e. k = 1, 3, 5, 7, 9)
Assume k = 2t − 1, where t ∈ {1, 2, 3, 4, 5}. Suppose Epi is not uniform
and L is a jump line, L is defined by u1 = 0. There is some positive integer
m such that Epi|L  OL(−t + m + 1) ⊕ OL(−t − m). Φ|L gives the section due
to proposition 2.6:
a˜|L ∈ H
0(OL(t − 1 − m)), b˜|L ∈ H
0(OL(t − 2 − 3m)),
c˜|L ∈ H
0(OL(t + 3m + 1)), d˜|L ∈ H
0(OL(t + m)).
Notice that b˜|L = 0 or b˜|L is non-zero constant. The rest of the proof is
similar.
In summary, when the condition is met, Epi is uniform.
Thanks for the result of Van de Ven (theorem 2.14), the structure of rank
2 uniform bundle is totally known. By computating the first chern class of
the trace-free vector bundle, we get
deg∆pi = 2 Epi  ΩP2(1),
deg∆pi = 4 Epi  OP2(−1) ⊕ OP2(−1),
deg∆pi = 6 Epi  OP2(−1) ⊕ OP2(−2) or Epi  ΩP2 ,
deg∆pi = 8 Epi  OP2(−2) ⊕ OP2(−2),
deg∆pi = 10 Epi  OP2(−2) ⊕ OP2(−3) or Epi  ΩP2(−1),
deg∆pi = 12 Epi  OP2(−3) ⊕ OP2(−3) or Epi  OP2(−2) ⊕ OP2(−4),
deg∆pi = 14 Epi  OP2(−3) ⊕ OP2(−4) or Epi  ΩP2(−2),
deg∆pi = 18 Epi  OP2(−4) ⊕ OP2(−5)
or Epi  OP2(−3) ⊕ OP2(−6) or Epi  ΩP2(−3).
Q.E.D.
For most of the above cases, there are some precise descriptions of the
covering spaces by Miranda’s results (See [M]).
Corollary 3.2. Let pi : X → P2 be a normal triple cover, Epi be the corre-
sponding trace-free bundle.
(1) deg∆pi = 4, the surface X is the Steiner cubic in P
4 and the triple
cover map is projection;
(2) deg∆pi = 6 and Epi splits, X is a cubic hypersurface in P
3. Otherwise
X is birationally equivalent to B × P1, where B is a elliptic curve;
(3) deg∆pi = 8, the surface X is the blow-up of P
1 × P1 at nine points;
the map to the plane is given by curves of bidegree (2,3) through the
nine base points;
(4) deg∆pi = 10 and Epi splits, X is a quartic surface blown up at one
point and the map is projection from the point. Otherwise X is the
13-fold blow-up of the plane,mapped to P2 via quartics through 13
base points which impose only 12 conditions on quartics;
(5) deg∆pi = 12 and Epi  OP2(−2) ⊕ OP2(−4), X is a surface of general
type with pg(X) = K
2
X = 3 and f is the canonical map. Otherwise X
is an elliptic surface over P1 (the elliptic structure being given by the
canonical map) and the triple covering is defined by a linear system
of genus 4 trisections of the elliptic structure;
(6) deg∆pi = 14 and Epi splits, X is a quintic surface in P
3 with a double
point p and f is projection from p. Otherwise X is a surface with
q(X) = 0, pg(X) = 3, K
2
X
= 2 and e(X) = 46.
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